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INVARIANT SUBMODELS OF RANK TWO
OF THE EQUATIONS OF GAS DYNAMICS

E. V. Mamontov UDC 533; 517.958

Invariant submodels of rank two of systems of gas-dynamic equations with a general equation
of state are described. All submodels (26 representatives) are divided into two classes —
evolutionary and stationary. New relations and independent variables and the coefficients and
right sides of the corresponding systems of equations are given.

As is known [1], a system of gas-dynamic equations with a general equation of state admits the 11-
parameter Lie group. The basis of the corresponding Lie algebra is formed by the operators

X1=0z, Xo=0y, X3=0,, Xa=1t0;+0s, Xs=1t0+0, Xe=10;+ 0y,
X7 =y0, — 20y + v0y — w0y, Xg = 207 — 20; + w0y — udy,
Xg = zay ~yOr +udy —v0y, Xwo=0, Xu=toh+z20;+ yay + 20,.

The optimal system of subalgebras is constructed and given in [2, Table 6].

In the present paper, the invariant submodels of rank two of systems of gas-dynamic equations are
analyzed within the framework of the SUBMODEL program. All such submodels (27 representatives) are
obtained for two-parameter subgroups that correspond to the subalgebras Ly ; from Table 6 of {2] (below, the
numbering from Table 6 is used in references to the corresponding submodel).

Following [3], all the submodels considered (except for the partially invariant submodel 2.26) are
reduced to one of the two systems. A system of equations of the evolutionary type (type E) has the form

b
U:+UUE+~R1-P§=¢11, Vi+ UV = a, Wi + UWg = a3,
R; + URf + RUE = Rasg, P+ UPE + A(R, P)Uf = A(R, P)as,

where by = b(t,£), the functions a; do not contain derivatives of the required functions, A = Rec?, and
¢ = ¢(R, P). The characteristics are given by the equality (d¢ —Udt)*(Rd¢? —2RUdédt + (RU? — Ab;)dt?) = 0.
According to the sense of the problem, A > 0 and R > 0, and it turns out that b1 > 0. Therefore, all the
characteristics are real.

A system of equations of the stationary type (type S) has the form

1 1
UUg+VUp + phuPe=a1,  UVe+VVa+ mbukby = a

1
UWE + VW, + E(bg]Pf + b32P,,) = a3, UR{ +VR, + R(UE + Vﬂ) = Ray,
UPS + VP, + A(R, P)(Uf -+ Vﬂ) = A(R, P)aa,

where b;; = b;;(£,n), and the functions a; do not contain derivatives of the required functions.
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TABLE 1

Submodel Coordinate Subalgebra basis £
system
2-8 C X‘l, X7
2.9 C Xy, X4+ X7
2.10 C X4 X1+ X7
2.20 D aXi +0Xs + Xs, BXy 47Xz + Xe, | o 4+ 22—, L T8,
2 —-0or t2 —or
2?4+ p4+(o+7) =1
2.21 D X3+ X5, Xo—- X x
2.22 D X57 XG z
2.23 D aX; + Xz, Xa+ X4 z—ay—tz
2.24 D aX; + X3, X4 F4
2.25 D X1, X3+ X, Yy
2.27 D X2, X3 z
TABLE 2
Submodel U | % w
2.8 v u—2z/t w
2.9 v u— (36 w
2.10 v u+t (60-z)/t w
Bo — at ar — [t at — fo Tz -ty Bt — ar
220 u+t2_m_v tz—aTer v+t2_g7-u t2 o1 w+t2—0'7'u
+(ﬂa‘ —at)(rz — ty) + (ar — Bt)(oy — 12) oy~ 1tz
" (2 —oT)? 12 - o7
2.21 u v4iw—-2 tv-w—1y
2.22 o v—y/t w—z[t
2.23 u—av—tw-—2z au+v—az tut+w—tz
2.24 w u—z[t+ a(y/t) v
2.25 v uU—z w
2.27 u v w

The characteristics are defined by the equality
(VdE — Udn)}((RU? — Abyy)dn® — 2RUV dédn + (RV? — Aby,)de?) = 0.

The first factor specifies three real families of characteristics. The second factor gives real characteristics if
§ = bpU?% 4+ b11 V2 — bi1byac® 2= 0, and it gives complex characteristics if § < 0.

Systems of equations of the evolutionary type are obtained from submodels 2.8-2.10, 2.20-2.25, and
2.27, and systems of equations of the stationary type are obtained from submodels 2.1-2.7 and 2.11-2.19.

The corresponding dependent and independent variables and the coefficients and right sides of the
resultant systems of differential equations for all submodels are given in Tables 1-6 (R and P are functions of
p and p in the new variables). The initial system of gas-dynamic equations is written in Cartesian coordinates
(the coordinate system D) or in cylindrical coordinates (the coordinate system C).

The author is grateful to L. V. Ovsyannikov and the participants of the SUBMODEL program
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TABLE 4

Submodel Coordinate
system Subalgebra basis 3 7 U
2.1 C X10, X7+ aXny, a#0 r/z e~299(22 4 r2) | e®(zv — ru)/z?
2.2 C aX4+ X7, BX4+ Xnn T/t x—ae—ﬂlnttl ‘U—T/t
2.3 c X4, Xr+aXy, a#0 te—o? T/t 1 - (at/r)w
24 C X1, BXs+ X7+ aXy1, a#0 T/t 6 - (1/a)ln |t v—r/ft
2.5 C X7, X10 z T u
2.6 C X1+ X7, X0 T z -0 v
2.7 C aX; + X7, Xa+ X10 r z—(1/2)t? — af v
2.11 C Xl, ﬂX4+X7+X10 0—t T w/'r—l
2.12 D X0, X11 z[y (y2 + 22 /22 | (z/y*)(yw - zv)
2.13 D X4, X1 y/t z/t v-—-y/ft
2.14 D X4 aXs+ X431, a#0 y/t—aln |t z/t v—yft—a
2.15 D X1, BXs+aXs+ X1, a#0 | y/t~alnlt zft v-ylt—a
2.16 D Xl, ,3X4+X11 y/t Z/t ’U—y/t
2.17 D X1, X0 Y z v
2.18 D X3, X4+ aXe+ X10 T ~1%/2 Y u—t
2.19 D X1, X4+ Xy Y z v
TABLE 5
Submodel v W by - by
2.1 (2/r)e*%(zru 4 r?v - a(z? + r*)w) w (1+&%%n | 4n(1+ 21 +1/2) | 0
2.2 u—z/t—(at/r)w-f w 1 1+ a?/€? 0
2.3 (1/t)(v ~ r[t)e>? u-—z/t a?/n? 1/¢€? 0
24 (t/rw-1/a u-— 36 1 1/€2 0
2.5 v w 1 1 0
2.6 v—(1/r)w w 1 1+1/¢2 0
2.7 u—t—(afr)w w 1 1+a?/g? 0
2.11 v u— Gt 1/n? 1 0
2.12 (2/2*)(zyv + z2w - (¥ + 2%)u) u (1+£2)?/n 4n(1+n) 0
2.13 w—z[t u-zft 1 1 0
2.14 w—z[t u—z/t 1 1 0
2.15 w—zft u— Bln ¢ 1 1 0
2.16 w-—z[t u— Gln|t] 1 1 0
2.17 w u 1 1 0
2.18 v w— ot 1 1 0
2.19 w u~—t 1 1 0
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